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Abstract

The article studies the behavior of non-negative generalized solutions of the Dirichlet problem
for an elliptic equation with a singular potential in the vicinity of an isolated singular point in a
unit circle centered at the origin. With respect to the potential function in the equation, the exact
conditions for the existence and absence of non-negative generalized solutions to the problem under
consideration are established.
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In the present paper is considered the problem of finding a nonnegative generalized solution
u(x) of the Dirichlet problem
-Au=V(x)u, (1)

in the circle B = B(0,R) — R* of radius R, R < 1, centered at the origin, where x = (x,,x,), 0B is the
boundary of the circle B and

o’ 0
A =—+—— is the Laplace operator.
ox;  ox; P P
A solution of equation (1) is understood as a distribution ¥ € D'(B) such that #(x)=0 and

Vuel, (B).

Assumed that 0<'V e L _(B) is the locally integrated function and ¢(x) 2 0 is a given continuous
function on the boundary 0B . Here L, (B) is the space of locally integrable functions in B, L,(B) is
the space of integrable functions in B. By D’(B) is denoted the space of distributions.

Problem (1), (2) was first studied in (Khudaygulyev, 2010) in a unit ball centered at the origin.

—2)?
In this work it is proved that if 0 <V (x) <V, (x) = % and 0<c<C, = (n 1 ) , then problem (1),

| x
(2) has a non-negative generalized solution; if ¢>C, and V(x)2=V,(x), then the problem under
consideration does not have non-negative generalized solutions. Such results for a domain with a
conical point were obtained in (Hudaykuliev, 2012).
In the polar coordinates x, =rcosw, x, =rsinw the Laplace operator for the radial function
has the form

o> 1 0
= —2 + -
or~ r or
Let B={xeR*: |x|<1} be a unite circle of radius with a center at the origin and ¢(x) = |1n|x||a/2.
Let us find a radial function V;(x) satisfying the equation
Ap+V,(x)p =0

A
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in D'(B) . In the polar coordinates (r,w) for a radial function ¢(x) we get
a2-a)
4| x In*| x|
Let
c
Vo(x)=———, X€ B,
[ In |
where the number c is defined by c=a(2-a).
Note that if 0 < ¢ < 1 the number « is found from the relation @ =1-+v1-c and A € L, (B)
dO<a<l.
Let us state the main results of the prezent paper.
Theorem 1. Let0<V(x)e L, (B).If0<c<1and ¥ (x)<V,(x) in B, then problem (1), (2) has
a nonnegative solution for any nonnegative continuous boundary function ¢
Proof. Consider the auxiliary problem

P {—Aum =V (X)u,,;
oy =, ().

where m=1,2,...,0<V <Vand {V,} isanondecreasing sequence of bounded measurable functions

such that hm V =V foralmostall x € B,and 0<¢, <@ {¢ } < C'(B) is anondecreasing sequence

of nonnegatlve continuously dlfferentlable functions that converges uniformly to the nonnegative
continuous boundary function ¢ on the boundary 0B .

It follows from the theory of linear elliptic problems (JlagpixeHckas, Ypanbuesa u ap., 1967)
that problem (P,) has a unique bounded nonnegative solution. This solution satisfied the integral
equation

u,(x) = [ K(x,)$()dS, + [ G(x, )V, (0w, (»)dy

B B
for almost all x e B, where K(x,y)is the Poisson kernel and G(x,y) is a Green function of the
problem—-Au =0, u|aB =0 moreover K(x,y)>0 and G(x,y)>0 in the circle B. Obviously, {u,}

is a nondecreasing sequence.

Let us show that the limit u of the sequence {u,} of solutions of problem (P,) is a solution of
problem (1), (2). We multiply equation in ( P,) by u”"'¢*"y*, p>2, where y =y (x) is the cutoff
function for the circle B, and integrate the resulting relatlon over B:

—J. Au,u? o Py dx = I V. (Xu,u’" o> Pyidx
B B
Set k,, =u, /¢ . After simple evaluations, we obtain:
H2 =D (19 oy 2de+ [ K2p(—Apw dv+
2 m oy nP RO
p B B
2[ Vk, k7 QY ydx = [V, ()’ *dx
B B
Since, by assumptions —~A@-@ =V,0> 2V, ¢’ it follows from the last relation that

FED [V oy de<2 ()

IVk kP WV dx| .

To estimate the integral on the right-hand side in mequallty (3), we use the Cauchy inequality
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_[Vkm kP WV ydx
B

< # j \V(k;;”)f @y dx + j ko |Vl dx
B B
Then inequality (3) can be represented in the form
i LA @

Let B. = B(0, r) cc B. We choose the func‘uon (x) as follows 0<y(x)<l,y=1forxeB, ;
(60>0) and v =0 for xe B\ B,. We assume that Vl//| <C687. Then inequality (4) acquires the
form

[V odss

25?2 Co7p’ 2
[ V™) gPdx < ==—— [ klg’dx. (5)
B, s 2p -3 B,

In forthcoming considerations, we need the following assertion.

Lemma. Let 0 <7 <1 and the function A(s) be a twice differentiable function [0,7]. Then the
inequality holds for same ¢ >2

U|h(s)|" s|ins|” ds] < Kj(\h/(s)\ + 1 (5))s|n 5[ ds (6)

where K = const >0, the number a is found from the relation a(2-a)=c (0<a <1).
Proff of lemma. We first show that if 0 <7 <1 and the function #(s) be a twice differentiable
function in [0,7] and /() =0 then for ¢ >2 the inequality holds

r 2/(] r
( [l sl sl dsJ <K, [ |1 ) s|ms[* ds 7)
0 0

where K, =const > 0.
Integrating by parts and by using the Holder inequality, we obtain

Ihq (s)s|ln S|a ds = —%J.hqlh/(s)[s2 |ln s|a —aIr |1nr|0571 drjds <
0 0 0
< qj h (s)H (s)s® |Ins[* ds <
0

, 2 12
<gq U W (s)s’ |1n S|a ds] U h?(s)s |ln s|a ds] <
0 0
. 12/, 1/2
< gq-supis*h? 7 (s)}"? (th (s)s|lns|* dsj Uh” (s)s[lns|* dsj
(0.r] 0 0
Now let us show that
. (g-2)2
sup {szh”"2 (s)} <K, Uh/z (s)s |ln s|a dsj
[O,V] 0
We have

S}(l)p]{sy(" Dh(s)} = sgp]{sz/(” D (h(s)—h(r)} = sgp}sz“" 2>{ jh (T)dr}

1/2 1/2 1/2
< sup 577 (J.h/z(r)r|lnr|a drj Ur"l |lnr|ﬁa d‘[J < sup M(s)(J.h/z(r)T|lnr|a dr} :
s€[0,r]

se[0,r]

N s N
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Where

l-a

r 1/2 L Y 2
M(s):SZ/(q—2)(jT—l |1nr|7a dTJ :S2/(q_2)((lnr) —(Ins) j .

S

Since by the Lopitals rule, a ->1-0

1-a 1-a
fim {0 " =) n ) Inin #) — (In ) In(n )] = In 2
10 o—1 @10 Ins
as a —1-0, it follows that there exists a constant K, >0 such that sup {M(s)} < K, . Therefore

se{0,r}

1/2
sup {s P h(s)} <K, (Ih/z (t)r|lnz|* dr] :

s€[0,r] I
which implies inequality (7) and, consiquently, inequality (6). The proof of the lemma is complete.

\

When h=k”?.y and ¢= ln|x|a/2 , from inequality (6) for any nonnegative radial function
he C,(B,) we have the following inequality

{ [ h@/”%x)(pzde <G, [V )| pdx. (®)

Therefore, by using inequality (8) and the Cauchy inequality, we obtain

2/q
( | k,i’“”(x)(pzde < [ ()" (x)p’dx <
B.s B,

<G, [V G| 9*dr<2G, | (\V(k:;” @) v +k2 0V w)q)zdx <
B, B,

2 -2 _2
<2CC87 | L1 | [ kipPd < GO P [ k2 (x)p%dx Ya-da
20p-3/2) ); 3/2;

2pq C52p )7 Vp
[ I k’;p/Z)q(x)(Dde] S(;_—yl;j (J‘kﬁ(x)q)zdx} . (9)
Br

B, 5

Let € >0 be a sufficiently small number. We set

& & -1,
O= g =l T =h =0 P =2 =12

In this notation, inequality (9) acquires the form

V(pjn) C 22] ) p;
J. kf,"” (x)p>dx 5= ’ P,
. & (p,~3/2)

T+l

l/p;

j kY (x)pidx | (10)

B’.f
Whence, by induction, we obtain
V(pa) . Up; U 1/2
2 2 7 h
5, e (p;—3/2) e (p,-3/2) H

2 Vp; ) Up, 2i
<Jc' L] (L] Ry (a0

ez(pj—3/2) e*(p,—3/2)
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because u, =k, ¢ and Iuidx <C’', C' >0. The series
B"

S C 2 S
>t -3,
j=1 Pj € (P_, -3/2)) ‘I

is convergent, because @; ~ 1~/ In(Cu’) for #>1_ In addition, the series

is convergent as well. Hence we have
I/p;

J. k' (x)p’de| <K
B,

J

9

for j 21; moreover, K >0 is a constant independent of p;. Therefore, by passing in inequality (11)

to the limit as J = %, we obtain supk,, (x) < K for almost all x € B. This implies the inequalities

k, (x) <K and u,(x) < K-¢(x) foralmostall x € B. Since {u,} is a monotone sequence, one can set
k=limk, u=Ilimu,

m—»o0 m—»0
for almost all xe B.

Now let us show that Vu e L, ,(B). Take a point x, € B at which the value of u(x,) is finite.

Then from the integral equation for the function u,(x), we obtain
1, (x0) 2 [ G(xy 2V, (3, (3)ely
Q

for any m >1 and for any compact subdomain QQ cc B.
But by virtue of the strong maximum principle G(x,,y) >0, then there exists a constant C, >0
such that G(x,,y) =2 C, in the compact Q. Therefore,

[V, )y < Clu, (x,) < Cluxy) (12)

This implies the inclusion Vu € L, (B).
Since ¥4 is a solution of problem ( P, ) we have

IumA(de + I Vu Ede=0

Q Q
for any function & € C;(QQ). By taking into account inequality (12) and by passing to the limit as
m — o, hence we obtain the relation

IuAfdx+IVu§a’x =0

Q
which implies that #(X) is a solution of problem (1), (2). The proof of the theorem is complete.
Theorem 2. If V(x) 2V, (x) and ¢(x) =0, then for any ¢ >0 for any bounded subdomain Q.
such that 0 € Q_ cc B, there exists a constant C = C(g,Q,) >0 such that the inequality

u(x) = C"ln|x “

holds for almost all xeQ .
Proof. Let B, = B(0,r,) = Q' —c B be the circle of radius 7, centered at the origin, and let v be
the solution of the problem
-Av=Vp, u|aB0 =¢(x)
Here v is the limit of the sequence {u,} of unique nonnegative solutions of the problem
—Av, =V,v,,v,|.. = (13)

3 9
0B, m
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were V, =mf{V,,m}, and {¢, } = C l(1?0) is a nondecreasing sequence of nonnegative continuously
differentiable functions that converges uniformly to a nonnegative continuous boundary function @
. Obviously, u=zv2>v, .
Let us show that the inequality
v(x) = Const - @(x) (14)
holds for almost all x€ B,/2=B, ,.
Let g: [0,00[—[0,00] be a twice differentiable nonnegative convex function. We multiply
equation (13) by g'(k,)g(k,)pw’ and integrate the resulting relation over B,,
~[ Av,g'(k,)g(k, o dx = [ V0,8 (k,)g(k, Yoy dx, (15)
By By

where k,, =v,, /¢ and ¥V is the cutoff function for the circle B, . Since

~[ Av,g' (k,)g(k, oy ds = [ V(k,0)V (g (k,)g(k, Yoy )dx =
By B,
= [|Va(k,)| @y de+ [ g (k,)|Vk, [ g(k,)p’y dx+
B, B,

+[ Vg(k,) gk, )’V de+ [ g (k,)g(k, e, o (~Ap)ds,

By By

bit follows that relation (15) acquires the form

[ Ve, oy de+ [ & (k,)|VE, | gk, oy d+

By By

+[ Velk,)gk, )V de= [ (Ap+V,0)g  (k,) gk, )k, oy dx
B, By
The second term on the left-hand side in the last relation is nonnegative, because the function g
is convex and nonnegative, and to estimate the third term, we use the Cauchy inequality

2\[ Ve(k,)g(k, o wV wds| < — j|Vg(k [ 9w de+2[ g (k,)o* [Vy | dx.

By By

Then

= j [Vatk, )| oy dx <2 j g k)¢’ [Vy[ de+

0

[ (Ap+V,0)g' (k,)g(k, ), oy dx
BO
Let B =B(0,r) be a circle sufficiently small radius. Since, by assumptions, the function &
is convex and nonnegative, V, <V, =—A@/¢ and the norm ||km LO is bounded, it follows from the
Lebesgue dominated convergence theorem that the second term on the right-hand side in the last
inequality tends to zero as m — oo. Therefore, by passing to the limit as m — oo, we obtain the
inequality

j Ve[ oy de <4 j k)¢ |Vyl dx. (16)

We choose the function l//(x) as follows 0<1//(x) <1l,¥=linxeB 5 (§>0)and ¥ =0
in xe B,\B,. Suppose that |Vl//| <C,67, where C,>0 is a constant independent of & . Then
1nequa11ty (16) acquires the form
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j Ve gz 5e j g (kyp’d. (17)

Now we use the 1nequahty (6). We deﬁne B by the relation S+2/g=1, where ¢>2.. By
using the Holder inequality and inequality (6) for a nonnegative radial function %, we have

2/q B
Ih“zﬁgozdxﬁ Ihqgozdx Ihz(pzdx <
B, B, B,
B
<C, ( [Ivif p*dc+ | h2(p2dx] U h2<p2de , (18)
B, B.

B,

In the inequality (18) by replacing # by &(k) and B, by B,_,, hence we obtain the inequality
B
[ & g dx<C, ( [ Vel p?ax+ | g%k)wzde : [ | gz(k)(,,zdx] ,
B#S Br—b‘ Br Br
which, with the use of inequality (17), can be reduced to the form

B
| & (g dx < C;(4C,87 +1) | gZ(k><p2dx-{ | g2<k)<p2de =
B, B,

B,,(;
1+

1+
= C,(4C,872 + 1)[ j gz(k)q)zdxj <Cs5> (I g2(k)(p2dx] :
B, B,

or
172

1/(2+2B)
[ j g2+2ﬁ (k)gDde\] < (C65—2)l/(2+2ﬂ) (J gZ(k)q)deJ <
B.s B,

1/2
<C,57VP [ | gz(k)(pzdx] (19)
Br

Let € >0 be a sufficiently small number. We set
1/2

€ N .
O=—>h="r, =1 ?,gﬂl:g}ﬁ,Hj: Igf(k)(pzdx , J=1L2,...,

and g, = g . In this notation, inequality (19) acquires the form
HV0+B) < C, g

Jj+l Jjo
which, by induction, implies the inequality
1/(1+B) “INGG a7 pr(ep)
H/™P <(Ce )" 27 -H™

b

where = i
o, =(1+B)Y7D(1+B)" we v, =D, 0+v)1+B)
O v=0 v=0 )
Since g, = g(Hﬁ Y , it follows that, by passing in the last inequality to the limit as J = %, we
obtain
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1/2
sup g(k(x)) < (C,g ™" - 20 PP) 1P U g (k)qozdxj :
B._, 5, '

We replace the function g by the sequence {g,}, where g, is the same as g and g,(k) >k as
[ — oo . Then

1/2
supk ™ (x) < (C et - 20+P/BYH)IB [ | kzygozdxj :
Brfs Br

Since the inequality
k() =v(x)/ p(x) 2 Cy -9 (x)

holds for r <, and for almost all x € B, we have

1/2
supk 7 (x) < C,e ™V [ | <p2*2yde :
Br—s Br
Hence it follows that
—1/2y
k(x) > Cye P [ jgpwde (20)
Br

for almost all xe B,_, where C,, >0 is a constant independent of » and ¢ . The inequality (14) is
proven. The proof of theorem is complete.

Theorem 3. If ¢ >1 and V(x) >V, (x) in the circle B, then ¢ >0 problem (1), (2) does not have
nonnegative solutions.

Proof. Let ¢>1 and ¢ >0 _If problem (1), (2) has a solution, then it satisfies the equation

1 c—1

u= 5 u+ > u
4|x| In? |x| 4|x| In? |x|

in D'(B). By multiplying this equation by ‘ln|x”1/2 and by integrating the resulting relation over B,
we obtain

—j Au -‘ln |x””2 dx = l.|.|x|_2 ‘ln |x”_3/2 u(x)dx + C—_IJ.|x|_2 ‘ln|)c”_3/2 u(x)dx .
B 4 B 4 B

But it follows from theorem — 2 that for any bounded subdomain Q such that 0 € Q. cc B there
exists a constant C = C(g,Q.) >0 that the inequality

u(x) = C-‘ln|x”1/2
for almost all x € €2, . Therefore
_[ u(x)-|x|72 ‘ln|x”_3/2 dx > Const - j |x|72 ‘ln|x”_l dx=00

Q, Q,
This implies that Vyu ¢ L, (B). Since, by assumption V(x)>V,(x) we have Vug L, (B)
bolyandygy gelip ¢ykyar. Bu bolsa ¢>1 and V(x)2>V,(x) bolanda (1), (2) meseldnin ¢dziiwinin

yokdugyny anladyar. Teorema subut edildi.
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